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Abstract

This thesis examines the value at risk (VaR) forecasting ability of various univariate and multivariate
models for a long equity portfolio. All of the considered models involve a generalized autoregress-
ive conditional heteroskedasticity (GARCH)-type structure. The resulting forecasts are checked for
desirable properties using violation-based backtests and compared in terms of predictive ability. We
find that the VaR forecasts of almost all univariate models are inadequate, while the multivariate
models have few problems passing these backtests. However, we do not find evidence that the mul-
tivariate models systematically outperform their univariate counterparts with regards to predictive

accuracy, or vice versa.
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Hypothesis

Regulators use risk measures such as the Value at Risk (VaR) to define the adequate amount of risk capital that financial
institutions have to hold. Thus, it is essential to determine how said risk measure should be predicted so that it neither
severely underestimates nor overestimates unexpected losses that might occur in the future. Therefore, I want to

investigate how well different approaches forecast the VaR. I hope to find answers to the following questions:

e  Which of the models performs the best overall?
e Do the studied multivariate models accomplish better performance than the univariate models?
e Does the COMFORT model outperform the Copula-GARCH models described in Fortin et al. (2022)?

e Do the models that incorporate factor returns yield better forecasts?

Relevance

After the financial crisis of 2008, reducing systemic risk has become paramount. Consequently, regulators enforced more
stringent risk management in financial institutions to ensure the stability of the financial system. Hence, companies are
obliged to hold risk capital that can be used as a buffer to compensate (potential) unexpected future losses. To determine
what amount of risk capital is deemed adequate, risk measures such as the VaR and the ES are used. Even though the VaR
is more widely used in regulatory frameworks there are some frameworks such as the Swiss Solvency Test, which applies
to Swiss insurances, that use the ES. Another application of risk measures is portfolio optimization (see e.g. Rockafellar
and Uryasev, 2000). Further, the Modigliani-Miller theorem states that in an ideal world with complete markets a firm'’s
capital structure is irrelevant for the firm’s value. In the real world (with presence of taxes, bankruptcy costs and
transaction costs) however, risk management may also be beneficial from a corporate perspective since it can reduce

taxes and the likelihood of bankruptcy.



Existing Literature

Risk measures are a very active research area due to their practical relevance. Of special interest are risk measures that
are coherent. It is important to note that VaR does not fullfill the conditions of a coherent risk measure introduced by
Artzner et al. (1999). The ES however is a coherent risk measure (Acerbi & Tasche, 2002). Further important differences
between VaR and ES are demonstrated for example in Embrechts et al. (2001) and Embrechts et al. (2014). In Bachelor
courses which treat VaR one often discusses the variance-covariance method to estimate said risk measures that assumes
normally distributed returns and constant volatility (homoskedasticity). However, in financial time series data we can
often observe heteroskedastic behaviour in the form of volatility clustering, a phenomenon first described by Mandelbrot
(1963). To deal with this problem of conditional heteroskedasticity Engle (1982) introduced the ARCH model. This model
was later generalized to the GARCH model by Bollerslev (1986). Subsequently, models such as the Exponential GARCH
(EGARCH) by Nelson (1991), the Threshold GARCH (TGARCH) by Zakoian (1994) or the Asymmetric Power ARCH
(APARCH) by Ding et al. (1993) have been proposed to allow negative and positive returns to have a different impact on
the volatility to account for the so-called leverage effect. Consequently, new approaches have been suggested to estimate
risk measures that use some variation of a GARCH model to forecast the conditional volatility (see e.g. Angelidis et al.
(2004)). Additionally, itis consensus in finance literature that the normal distribution is inappropriate for modeling stock
returns. Hence, GARCH models with an innovation distribution that can incorporate skewness and fat tails yield better
VaR forecasts than GARCH models with normal innovation terms (Kuester et al., 2006). In addition to the univariate
models mentioned above, multivariate GARCH models have been presented to not only model an asset’s conditional
volatility but also the conditional dependency structure between several assets over time. Examples for such multivariate
GARCH models are the Constant Conditional Correlation GARCH (CCC-GARCH) by Bollerslev (1990) or the Dynamic
Conditional Correlation GARCH (DCC-GARCH) by Engle (2002). These multivariate GARCH models can be used to directly
forecast VaR or as a foundation for more complex models such as the COMFORT model described in Paolella and Polak
(2015).

Another frequently seen toolkit in financial econometrics are copulas. Particularly in quantitative risk management it
may be useful to model the marginals independently of the copula structure. Several papers such as Palaro and Hotta
(2006) and Huang et al. (2009) simulate observations from a copula to forecast VaR. These papers first fit ARMA-GARCH
processes to the marginals (i.e. return series of single stocks) and then model the dependence structure using a
conditional copula. They found that said models produce better VaR forecasts than traditional methods. In a recent paper
Fortin et al. (2022) also used Copula-GARCH models to forecast VaR and ES. Interestingly, they used this Copula-GARCH
structure to simulate future factor returns and only in a second step calculated the forecasted stock returns using
Carhart’s four-factor model. However, they found no significant outperformance of these complex multivariate models of

individual asset returns over simpler univariate models for portfolio returns.

An important part of research in this area is comparing different models, especially univariate and multivariate
approaches (see e.g. Santos et al.,, 2013). Thus, it is essential to assess how well a certain model forecasted the VaR. For
this the VaR forecasts are backtested. Notable publications in this field are for example Kupiec (1995) and Christoffersen
(1998). In addition, the relative performance of models is often of interest. Consequently, tests such as the conditional
predictive ability (CPA) test by Giacomini and White (2006) have been developed to compare the performance between

different models.



Methodology

[ want to compare different univariate and multivariate methods for predicting portfolio VaR. In particular, I want to
revisit the paper by Fortin et al. (2022) and compare the VaR forecasts of the models described in this paper to other
established models in literature. But contrary to Fortin et al.,, 2022 [ am planning to use daily data instead of weekly data
since a lower data frequency can hurt multivariate models. The forecasting will be done using a rolling window approach
i.e. using the last 1000 observations to forecast the one-step-ahead 1%-VaR. As a baseline I am planning to use a standard
GARCH(1,1) model with normal innovation. Other univariate models that will be included are the GJR-GARCH, the Mix-
Normal GARCH as described in Kuester et al. (2006), the EWMA as used in JP Morgan'’s RiskMetrics Technical Document
(1996) and a selection of the univariate NGARCH models in Fortin et al. (2022). For the multivariate models [ want to
include a selection of the Copula-GARCH models stated in Fortin et al. (2022), the COMFORT model by Paolella and Polak
(2015) and a DCC-GARCH for reference. Backtesting will be done as in Santos et al. (2013) using tests for independence,
conditional and unconditional coverage. Additionally, the relative performance of the models will be tested using the CPA
test from Giacomini and White (2006). The portfolio will be equal weighted and consists of the same ten large
capitalization companies that were used in Fortin et al. (2022). For this, I require the historical daily returns of said stocks
in the time frame January 272001 to December 30t 2011. The required stock data is freely available on Yahoo Finance.
Additionally, this thesis requires the historical daily factor returns of the three Fama-French factors and of the Momentum
factor. This is due to the fact that the models in Fortin et al. (2022) require the equity factors from the Carhart four-factor

model. This data can be found on Kenneth French’s data library. As for software, I am planning to use R.
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Outline

1. Introduction

2. Theoretical Framework
2.1. Introduction to Risk Measures
What is a risk measure? How is the VaR defined?
2.2. Univariate Models
Presenting the univariate GARCH models

2.3. Multivariate Models with Factor Returns
Presenting the Copula-GARCH models used in Fortin et al. (2022) following a succinct introduction to copula
theory.
2.4. COMFORT Model
Presenting the COMFORT model as described in Paolella and Polak (2015)

3. Methodology

3.1. Data
Exploratory data analysis and source of the data

3.2. VaR Forecasts



Describing how the VaR will be forecasted with the different models.

3.3. Backtesting
Describing how backtesting will be conducted

4. Results
Presenting my results and comparing them to the existing literature

5. Conclusion
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Chapter

Introduction

The last four decades were shaped by many extreme events on the financial markets. Especially
noteworthy incidents were the sudden market crash on the Black Monday, the dot-com bubble and the
global financial crisis of 2008. All of these supposedly rare events pointed out that reducing systematic
risk is paramount to ensure the stability of the financial system. Thus, the demand for more stringent
regulation strongly increased which led to the introduction and consequent tightening of the Basel
Accords. This framework makes use of so-called risk measures to determine the appropriate amount
of risk capital that a institution has to hold. Even though a shift towards the severity-based expected
shortfall (ES) can be observed, the value at risk (VaR) to this day remains the most popular measure
for downside market risk (see Embrechts et al.| (2014)) for the differences between the VaR and the
ES). When considering a long equity portfolio, the p% VaR, for period ¢ forecasted at time ¢t — 1 is

defined as the negative p-quantile of the conditional portfolio return distribution, i.e.
VaRl = —Qp(rprt| Fi—1) = —igf{x eR:P(rprs < x| Fi—1) > p}, pe(0,1). (1.1)

Hereby @,(-) denotes the quantile function and F;_; is a filtration that represents all the informa-
tion available at time ¢t — 1. The parameter p is the level of the VaR and indicates that with target
probability p the losses of the portfolio will exceed the VaR (Paolella et al., [2006). We will follow

Santos et al.| (2013) and consider the 1% and the 5% VaR level in our empirical analysis.



Due to the practical relevance of this risk measure it is essential to determine how the VaR should
be estimated such that it neither severely underestimates nor overestimates future losses. To this
end, a plethora of models have been proposed to generate VaR forecasts, many of which involve
the generalized autoregressive conditional heteroskedasticity (GARCH) model by Bollerslev| (1986))
or an extension thereof. These GARCH structures should account for volatility clustering and the
so-called "leverage effect” which both are typically inherent in financial time series (see e.g. [McNeil
et al. (2015, chap. 3)). Moreover, one can either choose a univariate approach, where only the con-
ditional portfolio variance is modelled, or a multivariate approach, where the joint dynamics of the

portfolio constituents are modelled.

The question whether the more complex multivariate models are to be preferred over the sim-
pler univariate alternatives has been extensively discussed in literature. [Santos et al.| (2013), who
considered three large portfolios, found that the multivariate models significantly outperform their
univariate counterparts. Similarly, Kole et al. (2017) found that multivariate models have greater
predictive ability but these differences are in most cases not high enough to be deemed significant.
Further, they find that the choice of return frequency is more important than the choice of the
model itself. In addition to the data frequency and the volatility or correlation model, the assumed
distribution of the error terms often majorly impacts VaR forecasts. The importance of the assumed
distribution of the innovations is highlighted in [Paolella et al.| (2006), Slim et al. (2017)), |Diks and

Fang (2020) or |[Paolella and Polak! (2022]) among others.

A middle ground to fitting a GARCH-type model to all the constituents and a univariate model is
to only provide equity factors, which should capture the main risks of the portfolio, with a GARCH
structure. [Fortin et al. (2022) introduced such a framework but failed to find significant advantages
over more parsimonious univariate models. Moreover, none of the models they considered adequately
forecasted the one-week-ahead VaR of a portfolio in terms of conditional coverage. We replicate their
models and consider an equally weighted portfolio consisting of the same ten large cap single stocks
they used. However, instead of the weekly return data Fortin et al.| (2022) used, we based our analysis

on daily returns as this is, as identified in Kole et al. (2017)), the data frequency which yields the
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most adequate VaR forecasts (out of the time intervals they considered).

We extend the existing literature by comparing these factor copula-DCC-NGARCH models in-
troduced in Fortin et al.| (2022) to more established models such as the diagonal MixN(k)-GARCH
presented in [Haas et al.| (2004) or the COMFORT model class by [Paolella and Polak| (2015). We
show that, contrary to most univariate models, the forecasts generated by the multivariate models
display desirable VaR properties in the form of correct unconditional coverage and independence
of the violations. Further, we do not find enough evidence to justify stating that the multivariate
approaches outperform the univariate procedures in terms of forecast ability, or vice versa. Addi-
tionally, we present a slightly modified version of the model class presented in [Fortin et al.| (2022
and compare it to the original models. Finally, we come up with a plausible explanation for the

differences in forecasting ability between this original and the modified model class.

The remainder of this thesis is structured as follows. Chapter [2| is dedicated to the univariate
and multivariate models. In chapter [3| we present the data, shine a light on how the VaR estimates
were created for each model and explain how the forecasts are backtested and compared. In chapter

[4 we discuss our empirical results. In chapter [ we conclude.
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Chapter

Theoretical Framework

This chapter will introduce the models that were used to forecast the value at risk (VaR) of a portfolio
in our empirical application. First, some of the most popular univariate GARCH-type structures
will be presented. Next, the multivariate models in form of the factor copula model class from [Fortin
et al. (2022)) and the COMFORT model by [Paolella and Polak| (2015]) are discussed. Note that there
are far more GARCH-type models than the few that will be mentioned in this chapter (see e.g.
Bollerslev| (2008) for an extensive compendium). This chapter often makes use of the notion of a
information set, denoted F;_1, which in simple terms is just the information available at the end of

time £ — 1 on which the forecast will be based i.e. in our case an observed sequence of past returns.

2.1 Univariate Models

For our univariate models we assume the following portfolio return dynamics:

Tprt = [+ €, (2.1)

where for all but the MixN(k)-GARCH we let
o =0z, 2~ F(0,1), (2.2)
where F'(0,1) is some standardized distribution (i.e. zero-location and unit-scale), u is the un-

conditional location and o; is the scale parameter. In this framework the conditional variance



2.1. UNIVARIATE MODELS 5

o = Virert|Fe—1], where Fr_1 = {rpr1,...,7prt—1} denotes the information available at time ¢ — 1,

is assumed to be non-constant.

A simple way to model this conditional variance is by means of a generalized autoregressive condi-
tional heteroskedasticity (GARCH) process. This GARCH model introduced in |Bollerslev| (1986) is a
generalisation of the ARCH model by |[Engle| (1982)). The most prominent version, the GARCH(1,1),
can be formulated via

of = w+ag_; + oy, (2.3)

where w > 0, > 0, and 5 > 0. In other words, in a GARCH(1,1) model the conditional volatility
behaves similarly to how an ARMA(1,1) process would for the conditional mean. For covariance
stationarity of the process the parameters have to fulfill a + 8 < 1. In our empirical application,
we will only consider the GARCH(1,1) model with normal innovation terms i.e. z 2N (0,1) which
will serve as our univariate benchmark. However, it is possible to define higher order GARCH(p,q)
processes, but we will only regard the case where p = ¢ = 1. Thus, henceforth whenever a GARCH-

type model is mentioned without explicitly stating p and ¢, we will refer to the p = ¢ = 1 case.

A relevant special case of the GARCH model is the exponentially weighted moving average

(EWMA). It sets w = 0 and the weights « are exponentially decaying and sum up to one:
2y 2 2
of =Xoj_1+(1—=XNei, MAe(0,1). (2.4)

This model formulation puts more weight on the most recent observations which can be beneficial
in some cases. But note that this process is not covariance stationary and the variance is thus not
mean-reverting since A + (1 — A) = 1. This can pose a problem when large returns are observed as
they will influence conditional volatility estimates for a long time (Lucas and Zhang} 2016)). For our
model comparison, we will be using daily data and therefore we will set the decaying factor A = 0.94

in accordance with |J.P. Morgan, (1996)).
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2.1. UNIVARIATE MODELS 6

A well known stylized fact of stock returns is that negative news tends to increase volatility
more than positive news of equal magnitude. To account for this so-called ”leverage effect” |Glosten
et al. (1993) created an asymmetric extension of the standard GARCH model which they called
GJR-GARCH(1,1):

0,52 =w+ (a+ vft_l)e%_l + ,80?_1, (2.5)

where w > 0, a +v >0, >0 and

0 ifeg1 >0
Iy =1 <0y =

1 ife1<0
The process is thereby covariance stationary if o+ 5+ %V < 1. Obviously, if v = 0 this model reduces
to the GARCH(1,1) from equation which treats news symmetrically, i.e. bad news (-1 < 0)
have the same impact as good news (e;—; > 0). In practice however, « is usually found to be positive
(Bollerslev, 2008). This leads to an asymmetric relationship since negative news is weighted with
a + v and positive news only with a. We decided to include this model in our comparison due to
the great performance of the GJR with Student t innovations in [Santos et al.| (2013]). Additionally,

we tried out a GJR with the skewed-t distribution by Hansen| (1994) for the error terms.

Another way to capture the leverage effect is presented in Engle and Ng (1993) which they termed
the NGARCH(1,1) model:

of = w+ agiy(e-1 — )% + Bo}_y, (2.6)

where w > 0, o > 0 and 8 > 0. For covariance stationarity a(1 4 6%) + 8 < 1 is required. It is
apparent that for § > 0 negative innovations (1 < 0) have a larger impact on the conditional
variance than positive errors of the same magnitude which causes this model to be asymmetric too
(Christoffersen and Langlois, 2013). We will incorporate this model with a skewed-t distribution
for the innovations as this is the same specification that [Fortin et al.| (2022) and |Christoffersen and

Langlois| (2013)) used in their factor copula models.
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2.2. A MULTIVARIATE FACTOR COPULA-DCC-GARCH MODEL 7

The last class of univariate models that we included in our empirical comparison is the k-
component mixed normal GARCH(1,1) (MixN(k)-GARCH) as introduced in Haas et al. (2004).
We will only consider the case which was referred to as diagonal by Haas et al. (2004) as they iden-
tified it to be the superior choice in terms of performance and interpretability. In this framework,
the conditional distribution of the error term ¢; is assumed to be mixed normal (see appendix

with zero mean,
€t|.7:t71 ~ MiXkN(plw")pka/Lla' a:ukao-l FZER) Ukt Zpl/"l = ’ (27)

where p; € (0,1) Vi, Elepi =1and F—1 = {rpr1,...,"prt—1} is the information set at time t — 1.

The associated conditional variances are given by GARCH processes:
oit = w; + aie%t,l + Bmit,l, i=1,..,k. (2.8)

The k£ > 2 components that are used for the conditional variance each represent a different market
condition (Slim et al., 2017)). Hence, often a low number of components such as 2 or 3 is sufficent as
discovered in Haas et al.| (2004)). In case of different means for the different components, a normal
mixture density incorporates skewness and fat tails (or thin tails) (Alexander and Lazar, 2006). This
property enables the MixN(k)-GARCH model to produce sound VaR estimates as showcased in |[Haas
et al.| (2004) and Paolella et al.| (2006).

2.2 A Multivariate Factor Copula-DCC-GARCH Model

The models described in the previous section all forecasted future returns of a portfolio based on
past portfolio returns. Alternatively, we can take a multivariate approach where we first model the
constituents of the portfolio and only in a second step draw conclusions about the portfolio. One
such model was proposed in [Fortin et al.| (2022)) following the discoveries made about asymmetric
tail dependency of weekly factor returns in (Christoffersen and Langlois| (2013]). Consequently, Fortin
et al.| (2022) make use of equity factors that should capture the main risks of stock returns to forecast

the VaR of a portfolio of single stocks. More precisely, they utilize the Carhart four-factor model
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2.2. A MULTIVARIATE FACTOR COPULA-DCC-GARCH MODEL 8

suggested in |Carhart| (1997)) which adds a momentum factor to the linear three-factor model of Fama
and Frenchl (1993). Within this model, the return of a single stock & in excess of the weekly risk free

rate 7 is given by

Tkt —Tft = Qi+ 5k,RMRFRMRFt + Bk‘,SMBSMBt + Bk‘,HMLHMLt + Bk‘,MOMMOMt + €kt (2-9)

= QLt + ﬂ,;{;rFﬂf + Ekts t= ]-a 27 ceey T7 (210)

where both the intercept aj; and the vector of factor loadings 3 are assumed to be constant over
time. The vector of equity factors at time ¢, r,; = (RMRF;, SMB;, HML;, MOM,)’, consists of the
market factor (RMRF), the size factor (SMB), the value factor (HML) and the momentum factor
(MOM) (cf. |Carhart| (1997))). This leads to a reduction in dimensionality of the problem since only

four factors have to be modelled instead of all constituents of the stock portfolio.

Fortin et al.| (2022) decided to not only model the conditional variances but also the dependence
between the factors. One possible way to do this is by using the Dynamic Conditional Correla-
tion (DCC) structureE] introduced in [Engle, (2002) which is a dynamic extension of the Constant
Conditional Correlation (CCC) model by Bollerslev| (1990). Let Yz = (y14, Y2+, ..., Un,t)’ be a vector
consisting of the returns of n assets or of n factors at time ¢t = 1,...,7 and p = E[Y;|Fi—1] the
corresponding mean vector which is assumed to be constant. The information set at time ¢t — 1 once
again is denoted by F;_1 and consists of the past returns {Y7,...,Y;—1}. We can then define the
conditional covariance matrix of r4 as 3¢ := E[(Yz — u)(Yz — )| Ft—1]. The DCC model decomposes
the dynamics of the conditional covariance matrix into standard deviations and correlation and can
be written as:

}ft‘./_'.t_l ~ Nn(u, zt), Zt = DtI‘tDt (211)

where Dy = diag (014,024, ...,0n¢) 1.6. an x n diagonal matrix with the diagonal consisting of the
square roots of the conditional variances of the assets or the factor returns. These conditional vari-

ances can be modelled using one of the univariate models from section [2.1] [Fortin et al| (2022) chose

! In contrast to [Fortin et al. (2022), we will be using the DCC model of [Engle| (2002) instead of the cDCC model
of Aielli| (2013)) due to its more established R implementation. The differences between these two models are
relatively small according to |Christoffersen and Langlois| (2013)).
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2.2. A MULTIVARIATE FACTOR COPULA-DCC-GARCH MODEL 9

an AR(3)-NGARCH(1,1) model with the skewed-t distribution of Hansen| (1994)) for the innovations
of all factor returns. We however tried out two different univariate models in our empirical applica-
tion: a NGARCH(1,1) with skewed-t and a GARCH(1,1) with normal innovations, both without an
ARMA term. Henceforward, these multivariate models will be named by first specifying the condi-

tional correlation structure followed by the GARCH-type process used for the conditional variances

e.g. DCC-GARCH or CCC-GJR.

The n x n conditional correlation matrix I'; from equation is symmetric positive-definite
and given by

Ty i= Blzz)|Foi] = diag (@, V%) Qudiag (@) (2.12)

where z¢ := Dy ! (Y:—p) are the standardized residuals. Qy also is a nxn symmetric positive-definite

matrix that fulfills

Qt = (1 _Ol_,B)Q‘FCVZt_lZé_]_‘i‘,BQt—l, Oé,/B > 07 (213)

where Q = % Zthl ztz; is the n x n unconditional covariance matrix. Setting a = 8 = 0 in equation

yields the CCC model of Bollerslev| (1990) where I'y =T = Q for all .

Possibly the biggest drawback of the DCC model as specified above is the underlying assumption
of multivariate normality. In particular, |Christoffersen and Langlois (2013) discovered that ignoring
the multivariate non-normality inherent in weekly factor returns leads to severe underestimation of
the Expected Shortfall of an equally weighted portfolio of factors. To encompass this non-normality
and the aforementioned asymmetric tail dependence of weekly equity factors, Fortin et al.| (2022) stick
to |Christoffersen and Langlois| (2013)) and make use of so-called copulas to fit the joint conditional
distribution of the factor returns. Copulas are functions that allow us to model the marginals (in
our case the standardized residuals of the DCC-(N)GARCH model) individually and independently
of the multivariate distribution making them incredibly flexible. The notion of Copulas is based on

Sklar’s theorem which when applied to the standardized DCC-(N)GARCH residuals of our n factor
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2.2. A MULTIVARIATE FACTOR COPULA-DCC-GARCH MODEL 10

returns states that

Ft(zt) = Ct(Fl,t(zl,t)a ceey Fmt(zn’t)), (214)

where F¢(z¢) is the joint conditional distribution of the standardized residuals at time ¢, F;+(-) is the
conditional marginal distribution of the standardized residual of factor i at time ¢ and

Cy : [0,1]™ — [0, 1] is the conditional copula that links these marginal distributions. As highlighted
in Heinen and Valdesogo (2012]), we can only apply Sklar’s theorem to conditional distributions if we
condition all marginals and the copula on the same information. This can be done by assuming that
each marginal only depends on its own past and that the copula depends on the history of all four
factors (Heinen and Valdesogo, 2012). As explained in e.g. [Heinen and Valdesogol| (2012) a copula

can also be expressed as a multivariate distribution with ¢/(0, 1) margins
Ct(ula sty un) = Ft(FITtl(ul,t)a ey Fni,tl(un,t)% (215)

where u; + = Fjt(€;+) is the probability integral transform (PIT) (see appendix of the standard-
ized residuals of factor i at time ¢. This formulation shows that if we can sample from the copula, we
can sample from the corresponding multivariate distribution Fi(-). Thus, for Monte Carlo simula-
tions one can first generate a vector of probabilities us := (uyy, ..., un’t)' with conditional distribution
C(+) and then apply the quantile transform (see appendix to these u; ¢ to return a sample vector

(Ff,t1 (U1,t), e F;tl(umt))’ from Fy(-).

In summary, we follow Christoffersen| (2011, chap. 9) and apply the following scheme to simulate

future factor returns:

1. Fit a DCC model with a GARCH or NGARCH model for the conditional variances and extract

the standardized residuals z; = (214, ..., 2nt)’

2. Calculate probabilities u;; = Fj(z;), where Fj;(-) is the conditional distribution that was

estimated in the (N)GARCH model for the i’th factor.

3. Fit a copula to these probabilities. In our empirical application we consider the normal copula

(see appendix , the Student t copula (see appendix [B.2)) and the skewed-t copula. For
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2.3. THE COMFORT MODEL 11

more information about the Student t copula and the skewed-t copula consult [Demarta and

McNeil (2005) and |Yoshiba; (2014).
4. Simulate a vector of probabilities (a1 ¢, ..., )" from the conditional copula.

5. Create simulated standardized residuals from the simulated copula probabilities using quantile

transforms: 2z := (Fitl(ﬂu), ces F;tl (tne)).

6. To create factor returns from the simulated standardized residuals we use the forecasted dy-

namics obtained from the DCC model:
YRR A (2.16)

where Ei/ ? denotes the matrix square root obtained through a Cholesky decomposition of
the one-period-ahead forecast of the (DCC) covariance matrix of the factor returns and p the

unconditional mean vector of the factor returns.

Applying equation to these simulated one-period-ahead factor returns yields forecasts of the
returns of the single stocks (see section for more information). Finally, it is straightforward
to calculate the simulated one-day-ahead portfolio returns and the desired risk measures since this

approach is simulation-based.

2.3 The COMFORT Model

In the previous section we presented the approach of using copulas to introduce non-normality (and
heterogeneous tails when using e.g. the skewed-t copula) into a CCC or DCC structure. But one
could also directly choose a non-Gaussian distribution for the CCC or DCC model. One possible way
to implement this is by first fitting a normal CCC or DCC model to the stock returns and then in
a second step fitting a multivariate, non-normal distribution to the filtered residuals obtained in the
first step (Paolellal 2018, chap. 11). But this so-called quasi maximum likelihood approach is inferior
to joint maximum likelihood estimation of all parameters (Paolellal, 2018, chap. 11). Consequently,

Paolella and Polak] (2015) developed an efficient expectation-maximization (EM) type algorithm that
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2.3. THE COMFORT MODEL 12

allows for full maximum likelihood estimation of all parameters of the multivariate generalized hyper-
bolic (MGHyp) distribution. This uni-modal distribution is commonly used in finance literature and
offers great flexibility (Paolella and Polakl 2022)). In particular, many popular distribution choices
such as the multivariate normal, the multivariate Student t, the multivariate variance gamma or
the normal inverse Gaussian (and many more) can be expressed as a limiting or special case of the
MGHyp (Paolella and Polak, 2022). For a more detailed breakdown of this distribution we refer to
McNeil et al.| (2015, chap. 6), |[Paolella and Polak| (2015) and |Paolella and Polak| (2022). Applying
the aforementioned multi-stage EM algorithm to a MGHyp distribution, for whose covariance matrix
a CCC or DCC structure was used, results in the so-called Common Market Factor Non-Gaussian

Returns (COMFORT') model as introduced in [Paolella and Polak (2015]).

Let Yz = (Y1,6,Y2,¢5 ---» Ynt) be an n-dimensional vector of returns of the constituents of a portfolio
at time t = 1,...,7. The COMFORT model then has the form Y; ~ MGHyp(, v, 3¢, A¢, X¢, ¥¢) and

can be expressed as a continuous normal mixture in the following way:

Yi=pu+~Gite, e =5"VG2, (2.17)
where the mean vector p and the asymmetry vector 4 are in R™ and Z; u N, (0, I,) (Paolella and
Polak, [2022). Further, the symmetric positive-definite covariance matrix ¥; = DTy Dy is modelled
using a CCC or DCC structure (see section where the matrix square root is taken by means of
a Cholesky decomposition. Lastly, the mixing random variables G| Fi—1 ~ GIG(\, x¢, ¥¢), where
Fi—1=1{Y1,...,Yi_1} is the information set at time t—1, follow a generalized inverse Gaussian (GIG)
random variable and are independent of Z; (Paolella and Polak, [2022). Consult |Barndorff-Nielsen
et al. (1992) for a detailed account on the GIG distribution or |[Paoclella and Polak| (2022]) for more
information about the GIG in the COMFORT model. This sequence {G;} can be interpreted as a
common market factor because conditional on this common market factor, which incorporates jumps

and news arrival, the returns are multivariate normal distributed (Paolellal 2018, chap. 11).
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2.3. THE COMFORT MODEL 13

In our empirical application in chapter 4| we will only consider the CCC augmentation in which
'y = T is time invariant. For the dynamics of the diagonal elements of Dy adjusted GARCH-type
processes, which incorporate the common market factor, are used. More precisely, we will utilize the
GARCH(1,1) and the GJR-GARCH(1,1) from section but with error term €;; = yir — pi — %Gy
instead of €;; = y;+ — p; for the ¢’th portfolio constituent. Furthermore, we will only study the
so-called multivariate variance-gamma (MVG) distribution which can be expressed as a MGHyp
distribution with A\; > 0, x; = 0 and ;=2 for all ¢ (see Paolella and Polak (2022)). This restriction
of the shape parameters x; and 1, is recommended by [Paolella and Polak| (2015) to circumvent

potential numerical problems caused by otherwise relatively flat likelihoods.

An important property of the MGHyp distribution is that it is closed under linear operations
as shown in McNeil et al. (2015, chap. 6). Thus, the returns of a portfolio consisting of our n
constituents with constant portfolio weights w = (w1, wa, ..., wy,)" € R™\ 0 are given by rprs = W'Y}

and are univariate GHyp distributed:

7APF,t’J_-.t—l ~ GHYP(WIIM WI’Y) W/tha )‘t7 Xts ’l/}t) (218)

This property is especially useful in portfolio optimization and risk management and will be used in
section [3.2) to estimate the VaR. We decided to include this model class because of the adequate VaR
forecasts it generated in |Paolella and Polak (2022). Particularly, the empirical analysis in Paolella
and Polak| (2022) showed that the VaR estimates of this model class were superior to the ones of a

CCC-GARCH structure that assumed multivariate normality.

Jan Heinrich Schlegel Portfolio Value at Risk Forecasting with GARCH-Type Models



Chapter

Methodology

This chapter will present the data we considered for our empirical application. Further, we will
describe how the VaR forecasts were generated and shine a light on some issues we faced. Finally,
the violation based likelihood ratio tests of |Christoffersen| (1998) as well as a loss function based
test in form of the conditional predictive ability (CPA) test by (Giacomini and White, (2006) will be

introduced.

3.1 Data

This thesis assesses models based on their ability to forecast the VaR of a long portfolio. This
portfolio is equally weighted and consists of the ten large cap single stocks also used in |[Fortin et al.
(2022)). However, we consider 2767 daily returns (instead of weekly returns) which were observed
from January 2, 2001 to December 30, 2011. This data is freely available on Yahoo Finance. For

reasons of numerical stability we will be working with daily percentage log returns i.e.

Py
=100-1
Tt 00 - log <Pt—1>

where P; is the price at time t. Additionally, we require daily returns of the factors from the Carhart

four-factor model for the same time frame. These returns are from Kenneth R. French’s data library.

Note that these factor returns are in percent but nominal and first have to be converted to percentage

14
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log returns. In the following, whenever returns are mentioned we will refer to daily percentage log

returns. Furthermore, the VaR forecasts will be the one-step-ahead percentage log return VaR.

Table 3.1 — Summary statistics of daily factor, stock and portfolio percentage log returns

Mean Median SD MAD Min Max  Skew Kurt JB

Factors:

Market 0.001 0.070 1.383 0.916 -9.376 10.75 -0.192  6.786 5337
Size 0.018 0.040 0.622 0.534 -3.864 3.710 -0.167  3.588 1501
Value 0.009 0.010 0.718 0.401 -4.458 4.736 0.284 9.827 11190

Momentum -0.001 0.060 1.113 0.680 -8.578  6.878 -0.971  8.560 8900

Stocks:
Boeing 0.012 0.048 2.062 1.622 -19.389 14.378 -0.331 5.764 3888
CAT 0.058 0.078 2.209 1.715 -15.686 13.735 -0.110 4.303 2145

Chevron 0.047 0.113 1.745 1.370 -13.341 18.942 0.025 12.101 16913
Coca-Cola 0.015 0.043 1.325 0.932 -10.604 12.997 0.016 9.397 10199

Exxon 0.033 0.079 1.691 1.286 -15.027 15.863 -0.019 10.747 13341
GE -0.023 0.000 2.168 1.348 -13.684 17.984 0.040 7.746 6932
IBM 0.033 0.035 1.674 1.183 -10.668 11.354 0.275  5.991 4182
Merck -0.016 0.024 1.938 1.324 -31.171 12.251 -1.897 30.435 108622
PG 0.029 0.033 1.238 0.888 -8.316 9.726 -0.211 6.242 4522
UTC 0.030 0.052 1.853 1.313 -30.290 12.793 -1.540 29.797 103620
Portfolio:

Portfolio 0.022 0.082 1.300 0.891 -8.211 10.690 -0.059  7.785 7003

This table displays summary statistics of the daily factor, stock and portfolio returns and was inspired
by a similar table in [Fortin et al.|(2022)). The columns mean, median, standard deviation (SD), mean
absolute deviation (MAD), minimum and maximum are in percentages. The last three columns include
the skewness, the kurtosis and the Jarque-Bera test statistic. Data are daily and cover the time period
from January 2, 2001 to December 30, 2011 (2767 observations).

In Table the summary statistics for the daily factor, stocks and portfolio returns are presented.
One can see that whilst the median is larger than the mean in most instances, both are close to
zero for all factors and stocks in question. In addition, the mean absolute deviation (MAD) is
considerably smaller than the standard deviation indicating the presence of outliers. Three of the

four factors, six of the ten stocks and the portfolio are left skewed and thus have a longer left tail.
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All factors, stocks and the portfolio show leptokurtic behavior i.e. their kurtosis is larger than
three. This signals that the return distributions have fatter tails than a Gaussian distribution
would have. Besides, we can reject the assumption of univariate normality for all of the return
distributions using the extraordinarily high Jarque-Bera statistics. Additionally, we checked for
multivariate normality by constructing Q-Q plots (see figure of the robust squared
Mahalanobis distances of the stock returns (factor returns) and the corresponding XZ distribution
with d = 10 (d = 4) degrees of freedom. The relationship in these Q-Q plots is not linear at all

indicating large multivariate outliers and multivariate non-normality.

Panel A: XZ—Q—Q Plot for Factor Returns Panel B: xz—Q—Q Plot for Stock Returns
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Figure 3.1 — x? Q-Q plots of the robust squared Mahalanobis distance of the factor returns and the
stock returns. The degrees of freedom correspond to the number of factors in Panel A and to the number
of stocks in Panel B. Data are daily and cover the time period from January 2, 2001 to December 30,
2011 (2767 observations).

Moreover, the portfolio returns exhibit large volatility around their mean as shown in panel A of
Figure [3.2] Panel A further shows blatant volatility clustering indicating that the conditional
variance is non-constant. In addition, it is apparent from Table that the portfolio returns are
not normally distributed. Panel B graphically displays this observation and shows that the
distribution of the portfolio percentage log returns is slightly left skewed and has long tails with
some extreme values on either side. Interestingly, both the smallest and the largest portfolio

returns were observed in October of 2008.
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Panel A: Daily Portfolio Returns Panel B: Histogram of Daily Portfolio Returns
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Figure 3.2 — Plot and histogram of the percentage log-returns of the equally weighted long equity
portfolio. Data are daily and cover the time period from January 2, 2001 to December 30, 2011 (2767
observations).

Despite using daily and not weekly factor returns, the autocorrelation function (ACF) plots in
Figure display a similar picture as the ones in |Christoffersen and Langlois| (2013)). It is evident
that the factors exhibit stronger autocorrelation in absolute returns than in the returns themselves.
In particular, panels A to D illustrate that whilst the ACF values for the returns mostly stay
within the 95%-confidence bands, the absolute factor returns show significant autocorrelation for
all lags considered. The same phenomenon can also be observed for the single stock returns and the
portfolio returns (not displayed here) and can be seen as further justification for fitting a volatility

model to the return series.
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Panel A: Market Factor Panel B: Size Factor
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Figure 3.3 — ACF Plots of the Fama-French-Carhart Factors inspired by the ACF plots of the weekly
factors in |Christoffersen and Langlois| (2013)). The autocorrelation values are displayed using a solid line
for the factor returns and a dash-dotted line for absolute factor returns. Data are daily and cover the
time period from January 2, 2001 to December 30, 2011 (2767 observations).

3.2 Value at Risk Forecasts

For all models in question we assume that the conditional mean is constant over time and thus will
proceed without specifying an ARMA (p,q) process for the conditional mean. [Santos et al.| (2013) took
the same approach for the reason that the dynamic dependence of conditional means in daily portfolio
returns is very weak if existent at all. Forecasting is done using a rolling window approach where
the previous 1000 observations are used to predict the one step-ahead-VaR. The model parameters
will be refit after every rolling window iteration as in [Paolella et al.| (2006). The only exception
is the skewed-t copula-DCC-GARCH model where we decided to reestimate the skewed-t copula
parameters only every 20 rolling windows due to the high computational burden. Addtitionally,
there were some numerical issues for the skewed-t copula with skewed-t NGARCH marginals which

we could not resolve and thus only the version with normal GARCH marginals will be included.
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For all univariate GARCH models mentioned in section but the MixN(k)-GARCH we can

rely on the following analytical formula to estimate the portfolio VaR:
VaRf = —Upr — O-PF,tQp(Zt“Ft—l) (3.1)

where opr; is the portfolio conditional standard deviation at time t and @Qp(2:) is the p-quantile
of the conditional distribution of the standardized portfolio returns, zx = (7prt — ptpr)/0prt. Note
that formula [3.1] includes the unconditional mean instead of the conditional one due to our mean
specification . In the MixN(k)-GARCH setting the VaR forecasts are generated by the ”"MSGARCH”
package of |Ardia et al.|(2019) by applying the defintion of the VaR from equation to the predictive

mixed normal distribution of the portfolio returns.

For the factor copula-DCC-(N)GARCH models in section we proceed in the same way as
Fortin et al.|(2022). Hence, we start off by calculating the ordinary least squares (OLS) estimates of
equation 2.10} These estimates are displayed below in table [3.2] Striking are the high Jarque-Bera
statistics for the OLS residuals indicating univariate non-normality. Further analysis of the OLS
residuals shows that the residuals are slightly left skewed and highly leptokurtic. Moreover, we can
see in figure [3.4 which looks very similar to Panel B of figure that the OLS residuals clearly
are not multivariate normal either. Additionally, residuals of firms from similar sectors tend to be
stronger correlated than the residuals of those from different sectors. Next, we follow the procedure
described in section @ to simulate a vector 7, ;. We then simulate from the distribution of the OLS
residuals F(-) by randomly drawing a bootstrap sample vector & = [1¢, €2, ..., €104), t = 1,2,...,T.
It is important to note that, as pointed out in |Christoffersen (2009), each draw of F.(-) has to be
a vector of error terms from the same day so that aforementioned dependencies between the OLS
residuals of different stock returns are maintained. Further, we have to pay attention to data leakage
and can therefore only use OLS residuals which have already been observed i.e. are part of the rolling
window that is used for time t = 1,2,...,7T. Using equation then yields the simulated return of
single stock k:

Tkt =Tft+ Qpyg + BiTrt + €kt (3.2)
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This procedure is repeated N = 200’000 times. For each simulation we calculate the simulated return
of the equal weighted portfolio. This yields a simulated portfolio return sample {r7,}"_;. Finally,

the VaR estimate is obtained as the negative p-quantile of the simulated portfolio returns:
VAP N
VaRy = —Qp({rfsbn=1)-

Table 3.2 — Parameter Estimates for the Carhart Four-Factor Model

Intercept Market Size  Value Momentum Adj. R2 JB

Boeing 0.004 1.041  -0.067  0.022 0.150 0.441 3586
(0.030) (0.038) (0.062) (0.081) (0.049)

CAT 0.045 1.201 0.203  0.095 0.094 0.555 10850
(0.028) (0.029) (0.066) (0.079) (0.055)

Chevron 0.044 1.042  -0.390  0.143 0.407 0.564 1606
(0.020) (0.074) (0.097) (0.085) (0.053)

Coca-Cola 0.011 0.604 -0.205 -0.090 0.157 0.324 6295
(0.020) (0.028) (0.040) (0.054) (0.038)

Exxon 0.033 1.057  -0.477  -0.029 0.435 0.592 1703
(0.018) (0.059) (0.074) (0.079) (0.049)

GE -0.030 1.095 -0.220  0.159 -0.236 0.605 43274
(0.024) (0.070) (0.126) (0.087) (0.047)

IBM 0.031 0.854  -0.152  -0.445 -0.149 0.527 10906
(0.022) (0.036) (0.046) (0.060) (0.033)

Merck -0.016 0.836 -0.376  -0.120 0.212 0.294 409268
(0.030) (0.043) (0.058) (0.088) (0.056)

PG 0.025 0.570  -0.291 0.060 0.193 0.343 4394
(0.017) (0.035) (0.043) (0.058) (0.043)

UTC 0.023 1.041  -0.093 -0.014 0.110 0.554 515050
(0.021) (0.037) (0.054) (0.051) (0.039)

This table was inspired by a similar table in |[Fortin et al.| (2022)) and presents the OLS parameter
estimates and the corresponding Newey-West standard errors in parentheses of the Carhart four-
factor model. The last two columns show the corresponding OLS adjusted R-squared and the
Jarque-Bera test statistic of the OLS residuals. Data are daily and cover the time period from
January 2, 2001 to December 30, 2011 (2767 observations).
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x?-Q-Q Plot for OLS Residuals
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Figure 3.4 — x? Q-Q plots of the robust squared Mahalanobis distance of the OLS residuals of the
Carhart four-factor model. The degrees of freedom correspond to the number of stocks i.e. 10. Data are
daily and cover the time period from January 2, 2001 to December 30, 2011 (2767 observations).

Lastly, in the COMFORT framework we make use of the fact that when assuming a MGHyp
distribution for Y; (i.e. the returns of the constituents) the corresponding portfolio returns rpp; =
w'Y are univariate GHyp distributed (see section . Thus, according to |Paolella and Polak
(2022)) the VaR forecast can be calculated using the p-quantile function @,(-) of the corresponding
conditional univariate GHyp distribution (in our case the univariate Variance Gamma distribution)

of the portfolio returns:
VaRl = —Q,(rppt| Fi1) = — ir%f{x eR:P(rpps < x|Fi—1) > p}, (3.3)

where F;_1 = {Y1,...,Yz_1} is the information set at time t — 1.

3.3 Backtesting

Backtesting is used to check whether the forecasts of the models evince some desirable properties. In

doing so, we will follow the framework of |Christoffersen| (1998) which consists of three likelihood-ratio
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tests. Let I; be the indicator variable for a VaR? forecast made at time t-1, that is,

1 ifrppy < —VaRY
Iy = ]l{TPF,t<—VaRf} -
0 otherwise

According to |Christoffersen| (1998), a sequence of value at risk forecasts is then said to be efficient

with respect to F;_1, the information set at time ¢t — 1, if
E[It|}—t,1] :E[Itutflyltf%m,[l] =D, t= 1,2,...,T. (34)

Christoffersen| (1998)) shows that testing whether a sequence of value at risk forecasts is efficient is
equivalent to testing that {It}le i Bernoulli(p). In case this property is fullfilled, the VaR forecast
has correct conditional coverage. Although one could test for correct conditional coverage directly
we will follow Paolella et al.| (2006) and additionally provide intermediate test statistics which help

to better understand deficiencies of the models.

First, we test for the correct number of exceedances under independence. The corresponding

hypothesis of correct conditional coverage can be written as
Hy:E[l] =p versus Hyu: E[L] # p,

which is the result of applying the law of total expectation on equation 3.7] Let n; be the number
of violations i.e. ones in the indicator sequence {I;}]_; and ng the number of zeros in the indicator

sequence. The likelihood-ratio test statistic then is

Lip; 11, I, ..., I
LRuc:_210g< (p7 1,425 -4 T)) asy

2
_ ~ ¥, 3.5
L(p; I, Do, ooy I7) X1 (3:5)

ni
no+mni

where p = Py = is the maximum likelihood estimate of p and L(-) is the corresponding

likelihood of a Bin(ng + n1,p) distribution (Christoffersen, 1998).
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Through testing for unconditional coverage we verified the first part of correct conditional cov-
erage, namely that {I;}]_, is identically Bernoulli(p) distributed for all time points. However, it
might be that the coverage is satisfactory but all violations are clustered together. To detect these
cases, we have to test whether the indicator sequence is also independently distributed. |Christof-
fersen| (1998) use the likelihood-ratio test of independence where independence is tested against a

binary first-order Markov chain {/;} with transition probability matrix

I, =

1—m1 701 ]

1—mn 71

with the approximate likelihood function being
L(ILy; Io, ..., I7| 1) = (1 — mo1) "0 mipt (1 — mpp )"0y,

where m;; = P(I; = j|I;—1 = 1) and n;; is the number of transitions from state i to state j. The as-

sociated maximum likelihood estimates are 7p; = no:jﬂzm and 711 = m:}%ﬂ. Under the assumption

of independence, the outcome at time ¢ — 1 is irrelevant for time ¢ and II; becomes

1—m9 9
I, =
1—m9y mo
with maximum likelihood estimate 72 = m (Christoffersen, (1998)). Hence, under H

the likelihood is
L(Ty; Iy, ..., Ig|Iy) = (1 — ry)(no0tmno) pfnorn)

Therefore, the test statistic can be calculated as

L(ﬁz;fzv---,fﬂfl)) asy o

LRing = —2lo e oA >0
g g(L(Hl;IQ,...,ITlm H >

This statistic does not depend on the true violation probability p and thus only tests for independ-

ence and not coverage (Christoffersen, [1998).
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By combining equations [3.5] and [3.6] we can directly test for conditional coverage through

LRc = -2 IOg <

L ;I,...,I 1 as
(p 2 T’ 1))) JX% (37)

L(Ty; Iy oy Ir| 11
By conditioning the test for unconditional coverage in equation on the first observation we get

that p = mo. LR, can thus also be calculated as
LR..= LR,.+ LR;,q. (3.8)

As mentioned above, we will make use of this identity and will calculate and analyse all three test

statistics for our models.

3.4 Comparison of Predictive Ability

All the tests introduced so far only tested for a particular desirable characteristic. Based on these
tests a model could either be rejected or not. However, we are also interested how the models perform
relative to each other. A simple way to rank VaR estimates is by using a loss function. Like [Santos

et al. (2013) and |Fortin et al.| (2022) we will use the "tick” loss function:

Ly (0r,rpre) = (reee +00) (0 — Lirpp ,<—01))

where 6; is a non-random real variable. As indicated in|Yu et al.| (2003) this loss function is commonly
used in quantile regressions and has the property that the p-quantile of our conditional portfolio

return distribution at time t is

Qp(rprt|Fi—1) = —VaR} = argeminE[LV(Qt,rpm)]. (3.9)
t

Moreover, it is linear and asymmetric because observations for which 1y, ., g1 = 1 tend to receive
a higher penalty than observations for which 1y, ,<_4,} = 0 (Giacomini and Komunjer, 2005). Ad-
ditionally, the factor (rpp+ + 6;) guarantees that, conditional on the value of the indicator function,

observations for which 6, strongly deviates from 7,5, are penalized more (Fortin et al., 2022). The
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property from equation implies that we can rank our models based on their mean tick loss. The
mean tick loss of a model is calculated as Ly = £ ST LV(—ﬂR\f, Tprt), Where %R\f is the VaRY
estimate of the model. Whereby the lower Ly of a model, the higher its predictive accuracy and
the better the model (Fortin et al., 2022). Hence, we have a framework which allows to rank the
models based on differences in predictive accuracy. However, as mentioned in |Bams et al. (2017),

this ranking is not suited for inference.

Instead, we introduce the conditional predictive ability (CPA) test by |Giacomini and White
(2006) to be able to make a statement about the significance of those differences. Special about this
test is that it allows for a pairwise comparison of forecasting models which are potentially misspecified

(Giacomini and Whitel 2006). To simplify notation, let
ALi,j,t = LVi,t — ij,t

be the loss differential between model i and j at time ¢ = 1,2,...,7. The null hypothesis of equal

conditional predictive ability can then be written as
Ho : E[AL; | Fi—1] =0 almost surely V¢

and entails that {ALi,j.t,ft—l}g;l is a martingale difference sequence (Giacomini and White}, 2006).

To test this hypothesis, (Giacomini and White (2006) introduced the following Wald-type test statistic:

GW;j = 77207 % XZ as T — oo (3.10)
where Z; = hy1ALj j4, 7 = %Zthz Z; and Q= %2322 ZyZy are all ¢ x ¢ matrices. h;_1 hereby
denotes a ¢ x 1 F;_j-measurable vector. In accordance with |Giacomini and White| (2006]) we choose
hi—1 = (1,AL; ;)" and thus ¢ = 2. |Giacomini and White| (2006) further show that the test statistic
GW; ; follows asymptotically a xﬁ distribution under some regularity conditions and we thus reject
Hy at the 5% significance level if GW; ; > X%,0.95' In case of rejection, we choose model i over model

j if its mean tick loss Ly; is smaller than the mean tick loss IZV]. of model j. In other words, given a
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rejection, we choose model i over model j if the mean of the loss differential AL; ; := % Zle AL;jy

is smaller than zero.
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Chapter

Results

This chapter will summarise the results of our empirical analysis following the methods introduced
in chapter [3 The results were obtained using Matlab (only for the COMFORT model class) and the
statistical software R. Specifically, we used the "rugarch” (see Galanos| (2022a)) to forecast the one-
day-ahead VaR of all univariate models apart from the MixN(k)-GARCH models. For the MixN(k)-
GARCH we used the "MSGARCH” package by Ardia et al. (2019). The ”"rmgarch” package by
Galanos (2022b) was utilized for fitting a DCC-GARCH model to the factor returns. The estimation
of the normal and t copula and the subsequent simulation from these copulas were done by the
"copula” package of Hofert et al. (2023). For the skewed-t copula we used the R codes presented
in [Yoshiba, (2014). The Matlab codes for the COMFORT model were provided by the supervisors
of this thesis in collaboration with Prof. Dr. Pawel Polak (many thanks again to all of you who
were involved). Finally, for the CPA test of |Giacomini and White| (2006]) we translated parts of the
Matlab code of the original authors into R and verified the correctness of our implementation using

different loss functions and different models.

4.1 Value at Risk Backtests

The results of the backtests presented in section[3.3]are shown in table Whilst all of the univariate
models passed the likelihood ratio (LR) test of independence, only few showed adequate conditional or

unconditional coverage. In particular, only the skewed-t GJR-GARCH passed the test of conditional
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coverage for both VaR levels. By contrast, the multivariate models seem to have no problems
passing the LR tests of [Christoffersen (1998)) with the obvious exception being the multivariate
normal (MN)-DCC-GARCH. Nevertheless, it is noticeable that using skewed-t NGARCH marginals
in the framework of Fortin et al.|(2022)) leads to a very low percentage of violations when compared to
the other factor copula models or the COMFORT models. Somewhat surprising is the revelation that
even using a normal copula in combination with normal GARCH marginals for the factor returns
appears to produce sound VaR estimates. Our explanation for this, which is based on figure (3.4
and table is that a large part of the multivariate non-normality of the stock returns might be

captured in the bootstrapped OLS residuals.

Table 4.1 — VaR Backtests

p=1% p = 5%

Model %Viol. LRy. LRing LR %Viol. LRy LRing LR
Univariate:

GARCH 2.547 0.000 0.886 0.000 6.565 0.004 0.282 0.009
EWMA 2.830 0.000 0.705 0.000 7.131 0.000 0.718 0.001
t GJR 1.811 0.002 0.277 0.005 6.848 0.001 0.622 0.003
Skewed-t GJR 1.132  0.585 0.498 0.685 6.169 0.029 0.459 0.071
Skewed-t NGARCH 1.528 0.038 0.360 0.077 6.282 0.017 0.403 0.041
MixN(2) GARCH 2.151 0.000 0.196 0.000 6.112 0.038 0.489 0.091
MixN(3) GARCH 1.585 0.023 0.342 0.048 6.565 0.004 0.375 0.010
MN-DCC-GARCH 3.339  0.000 0.983 0.000 6.904 0.000 0.873 0.002
Fortin et al.:

Normal cop. NGARCH 0.509 0.022 0.761 0.070 4.131 0.084 0.573 0.193
Normal cop. GARCH 1.075 0.753 0.520 0.774 4.414 0.249 0.409 0.366
t cop. NGARCH 0.509 0.022 0.761 0.070 4.131 0.084 0.273 0.124
t cop. GARCH 0.962 0.872 0.565 0.837 4.414 0.249 0.409 0.366
Skewed-t cop. GARCH 0.962 0.872 0.565 0.837 4.471  0.299 0.799 0.565
COMFORT:

MVG-CCC-GJR 0.736 0.241 0.661 0.457 4.924 0.883 0.409 0.703
MVG-CCC-GARCH 0.736 0.241 0.661 0.457 4.980 0.970 0.762 0.954

This table presents the percentage of violations and the p-values of the likelihood ratio (LR) tests for
unconditional coverage, independence and conditional coverage by |Christoffersen| (1998) for the 1% and
5% one-day-ahead VaR. Cells for which the corresponding null hypothesis could not be rejected on the 5%
significance level are highlighted in gray. The forecasts were made using a rolling window of size 1000 and
cover the time period from December 28, 2004 to December 30, 2011 (1767 forecasts).
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Additionally, we can see in table that models that assume normality of the portfolio or the
stock returns (i.e. GARCH, EWMA and MN-DCC-GARCH) have too many violations with none of
said models showing adequate conditional or unconditional coverage. Furthermore, it is striking that
for all of the univariate models as well as the multivariate normal (MN) DCC-GARCH the percent-
age of violations is higher than the corresponding 1% and 5% VaR level. For the COMFORT and
factor copula models however, we observe (apart from one exception) fewer violations than expected.
This phenomenon can be investigated closer using table There it is evident that the number
of violations of the multivariate, non MN-DCC-GARCH models tends to be closer to the expected
number of exceedances for both VaR levels. The most adequate coverage is achieved by the factor
copula-DCC models with GARCH marginals for the 1% VaR level and by the COMFORT models
for the 5% level. Noteworthy is the factor skewed-t copula with GARCH marginals which belongs

to the three models with the most appropriate coverage for both VaR percentiles.

Table 4.2 — VaR Exceedances over Time

p = 1% (Expected: 17 Exceedances) p = 5% (Expected: 88 Exceedances)

Model Total 2004 2005 2006 2007 2008 2009 2010 2011 Total 2004 2005 2006 2007 2008 2009 2010 2011
Univariate:

GARCH 45 0 2 4 9 13 4 7 [ 116 0 14 8 22 26 15 13 18
EWMA 50 0 7 5 10 10 4 6 8 126 0 18 10 23 23 11 19 22
t GJR 32 0 2 3 7 8 3 [§ 3 121 0 15 9 20 26 18 17 16
Skewed-t GJR 20 0 2 2 5 4 2 3 2 109 0 14 9 19 19 16 16 16
Skewed-t NGARCH 27 0 2 4 6 6 1 5 3 111 0 14 8 19 25 13 17 15
MixN(2) GARCH 38 0 2 4 6 10 3 7 6 108 0 14 8 18 26 15 13 14
MixN(3) GARCH 28 0 1 3 3 9 2 [§ 4 116 0 12 8 17 39 14 11 15
MN-DCC-GARCH 59 0 8 8 19 12 2 5 5 122 0 21 12 31 26 6 12 14
Fortin et al.:

Normal cop. NGARCH 9 0 2 1 3 1 0 0 2 73 0 11 7 15 14 5 11 10
Normal cop. GARCH 19 0 2 1 6 5 0 2 3 78 0 13 7 17 16 5 10 10
t cop. NGARCH 9 0 2 1 3 1 0 0 2 73 0 12 6 15 14 5 11 10
t cop. GARCH 17 0 2 1 6 5 0 1 2 78 0 13 7 17 16 5 10 10
Skewed-t cop. GARCH 17 0 2 1 6 5 0 1 2 79 0 12 7 17 16 7 10 10
COMFORT:

MVG-CCC-GJR 13 0 0 0 2 6 0 3 2 87 0 1 4 15 29 13 12 13
MVG-CCC-GARCH 13 0 0 0 1 7 1 2 2 88 0 1 4 15 30 14 11 13

VaR exceedances observed in every year for the 1% and the 5% VaR level for all the models. For each VaR
level the three closest numbers to the expected exceedences are in bold. The forecasts were made using a
rolling window of size 1000 and cover the time period from December 28, 2004 to December 30, 2011 (1767
one-day-ahead VaR forecasts).

Another interesting discovery in table is that almost all of the exceedances for the COMFORT

models occurred during or after the financial crisis of 2008 despite passing the LR test of independ-
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ence. Lastly, we observe that at the 1% VaR the models which assume a Gaussian distribution and
do not account for the leverage effect (EWMA, GARCH and MN-DCC-GARCH) have approximately
three times as many exceedances as one would expect. At the 5% VaR, this discrepancy is smaller
and the choice of normality and symmetry in the GARCH structure therefore appears to have less

detrimental consequences at this higher VaR level.

4.2 Conditional Predictive Ability Tests

In table we rank the models according to their mean tick loss (see section . Interestingly, the
univariate models perform well in terms of average tick loss in spite of their suboptimal backtesting
results. Specifically, we see that the skewed-t GJR model had the lowest and the MN-DCC-GARCH
the highest average loss for both VaR levels. Further, it is noticeable that the multivariate models
achieve better ranks at the 1% level than at the 5% level. Thereby the average loss of the factor

copula based models was lower at both levels than the average loss of the COMFORT models.

Table 4.3 — Average VaR Tick Loss Ranking

p=1% p=5%
Model Mean Loss Model Mean Loss
Skewed-t GJR 0.03632 Skewed-t GJR 0.13456
t GJR 0.03691 t GJR 0.13662
Normal cop. GARCH 0.03692 Skewed-t NGARCH 0.13706
Skewed-t cop. GARCH 0.03702 MixN(2) GARCH 0.13716
t cop. GARCH 0.03716 Skewed-t cop. GARCH 0.13731
Skewed-t NGARCH 0.03819 t cop. GARCH 0.13749
Normal cop. NGARCH 0.03868 Normal cop. GARCH 0.13756
t cop. NGARCH 0.03898 t cop. NGARCH 0.13781
MixN(2) GARCH 0.04018 Normal cop. NGARCH 0.13791
MVG-CCC-GJR 0.04106 GARCH 0.13869
MVG-CCC-GARCH 0.04143 EWMA 0.13937
GARCH 0.04152 MVG-CCC-GJR 0.14438
EWMA 0.04238 MVG-CCC-GARCH 0.14468
MixN(3) GARCH 0.04307 MixN(3) GARCH 0.16518
MN-DCC-GARCH 0.05215 MN-DCC-GARCH 0.16950

Ranking of the average VaR tick loss (see section of the models in ascending order
for the VaR level 1% and 5%. Models starting with ”MVG” refer to the COMFORT
model class, models including ”cop.” refer to the factor copula-DCC-(N)GARCH mod-
els as specified in [Fortin et al.|(2022). one-day-ahead VaR forecasts).
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Within the class of factor copula-DCC models, GARCH marginals achieved lower mean losses
than their counterparts with skewed-t NGARCH marginals. This further reinforces our hypothesis
that the bootstrapped OLS residuals account for a large part of the non-normality inherent in the
stock returns. The COMFORT models however had lower average losses when GJR-GARCH pro-
cesses instead of standard GARCH processes were used for the conditional variances. Finally, the
MixN(2)-GARCH exhibits lower average losses than the more ”jumpy” MixN(3)-GARCH which is

in line with Slim et al.| (2017)).

We now turn our attention to the CPA test (see section for inference. At each VaR level we
conducted 105 CPA tests. Out of these 105 tests, 33 rejected the null-hypothesis of equal predictive
ability on the 5% significance level at the 1% VaR level and 46 at the 5% VaR level. The p-values
displayed in tables [4.4] and [4.5] are not corrected.

The p-values for the 1% VaR loss are shown in table The first thing that strikes the eye is
that the MN-DCC-GARCH is significantly outperformed by every other model. The corresponding
p-values are all very close to zero. Other than that, we mostly have rejections in the univariate vs
univariate or multivariate vs multivariate setting. Apart from the MN-DCC-GARCH, only the MVG-
CCC-GJR and MVG-CCC-GARCH show significantly lower predictive accuracy than a univariate
alternative in the form of the MixN(2)-GARCH. The majority of the rejections when comparing
univariate models stem from the high predictive accuracy of the GJR-GARCH models. Specifically,
the normal GARCH, EWMA and MixN(2)-GARCH are significantly outperformed by both the t
GJR-GARCH and the skewed-t GJR-GARCH. For the multivariate models, we additionally discover
that the factor copula-DCC models using skewed-t NGARCH marginals have significantly higher
predictive ability than their counterparts with normal GARCH marginals. In addition, the normal
copula is the superior choice for the skewed-t NGARCH marginals. However, for the normal GARCH
marginals the t and skewed-t copula versions significantly exceed the performance of the normal cop-
ula. Thus, it is indispensable to incorporate the multivariate non-normality of the factor returns for
the 1% VaR level. This result is in accordance with (Christoffersen and Langlois (2013)). Lastly, we

find no significant improvement of using a skewed-t copula, which can account for the asymmetric
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tail dependence in the factor returns, over a Student t copula. Part of the reason for this might be

that we had to reestimate the parameters less frequently for the skewed-t copula (see section [3.2)).

Table 4.4 — CPA Test P-Values for 1% VaR Tick Loss

EWMA ¢ GJR Skewed-t  Skewed-t MixN(2) MixN(3) MN-DCC Normal cop. Normal cop. t cop. t cop.  Skewed-t cop. MVG-CCC MVG-CCC
o GJR NGARCH GARCH GARCH GARCH NGARCH GARCH NGARCH GARCH GARCH GJR GARCH
GARCH 0.000- 0.010 1 0.015 1 0.077 1  0.019 1 0.267« 0.000+ 0.346 1 0.127 1 0.387 1  0.158 1 0.140 1 0.780 1 0.857 1
EWMA 00101 00111 00541 01041 0517«  0.000 0.161 1 00631 01811 00781 0.067 1 0.604 1 0.742 4
t GJR 0.024 1 0.446+  0.029+=  0.074« 0.000<— 0.363<— 0.827< 0.298+  0.799+ 0.851<— 0.0764— 0.0704—
Skgx}(;;l-i, 0.088~  0.023«~  0.060« 0.000+— 0.1414 0.834« 0.084«  0.778« 0.8414 0.083« 0.071
Skewedt (a0 0143 0.000e 0.260¢ 0528 0221«  0.680 1 0.595 0.174 0.129¢
NGARCH . . ! . .5 . . .595 . .
MixN(2)
GARCH 0066 0.000 0.182 1 01711 01821 0.189% 0.168 1 0.015¢ 0.015¢
MixN(3) ( . .
GARcH 0002 0.296 1 01931 03151 02161 0.200 1 0.555 1 0.685 1
MN-DCC

CARCH 0.000 1 0.0001  0.0001  0.000 % 0.000 1 0.004 1 0.009 1

Normal cop. =
NGARCH 0.001 1 0.000+— 0.004 1 0.000 1 0.182 0.1544—

Normal cop. - .
GARCH 0.000<—  0.011« 0.153<— 0.111« 0.113«

t cop. -
NGARCH 0.001 1 0.000 1 0.183« 0.1544

t cop. P o 4
GARCH 0.268 1 0.121 0.123

Skewed-t, cop.
GARCH 0.116¢— 0.117«
MVG-CCC

o

GIR 0.492

This table displays the p-values of the CPA test of |Giacomini and White| (2006) for the 1% VaR tick loss.
The table is to be read column-wise. A left (up) error signifies that the row (column) outperforms the column
(row). A gray cell color indicates that we reject the null hypothesis of equal predictive ability on the 5%
significance level. Models starting with "MVG” refer to the COMFORT model class, models including ”cop.”
refer to the factor copula-DCC-(N)GARCH models as specified in section

For the p-values of the CPA tests at the 5% VaR level we refer to table Once again, we
immediately spot a plethora of rejections in columns and rows that involve the MN-DCC-GARCH.
In addition, the MixN(3)-GARCH is also significantly outperformed by every other model but the
MN-DCC-GARCH. For all of these rejections we obtained very small p-values. When focusing
on tests that involve both a univariate and a multivariate model we notice a higher number of
significant results compared to the 1% VaR level. Further, the Student t GJR-GARCH, skewed-t
GJR-GARCH and the MixN(2)-GARCH all displayed significantly higher predictive ability than the
the COMFORT models. Interestingly, the skewed-t GJR-GARCH, which significantly outperformed
every other univariate model, did not manage to achieve significantly better VaR forecasts than the

factor copula-DCC-(N)GARCH models. Only the MixN(2)-GARCH outperformed some of these
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factor copula based models but we fail to reject the null hypothesis for the Student t and the
skewed-t Copula-DCC-GARCH model. Furthermore, when comparing the non MN-DCC-GARCH
multivariate models, only two tests show significant p-values. First, in the setting with skewed-t
NGARCH marginals a Student t copula yields significantly better VaR estimates than a normal
copula. For the 1% VaR level it was the other way around. Second, the skewed-t copula-DCC-
GARCH model again significantly outperforms the normal copula-DCC-GARCH model. Finally, at
neither of the two VaR levels there were any significant differences in the predictive accuracy between
the copula models and the COMFORT models.

Table 4.5 — CPA Test P-Values for 5% VaR Tick Loss

EWMA ¢ GIR Skewed-t  Skewed-t MixN(2) MixN(3) MN-DCC Normal cop. Normal cop. t cop. t cop. Skewed-t cop. MVG-CCC MVG-CCC

P GJR  NGARCH GARCH GARCH GARCH NGARCH  GARCH NGARCH GARCH  GARCH GJR GARCH
GARCH 0012 01291 00061 02367 0093+ 0000«  0.000+ 0.109 1 01411 01067 0.140 1 0.179 1 0.142 0.122¢
EWMA 00151 00021 00971 01551 0000  0.0004 0.038 1 00631  0.0387 00651 0.073 1 0.228¢ 0.194¢
tGJR 00101 0174« 0314« 0000«  0.0004 0.082¢ 0252  0.083  0.268+ 0.328¢ 0.021¢ 0.018
Skg‘]';;“ 0.004«  0.021+  0.000<  0.000+ 0.167 0352 0173«  0.371 0.395¢ 0.006 0.005+
Skewed-t 774 0000« 0000 0.095¢ 0434 0.093  0.453« 0.548+ 0.066+ 0056

NGARCH . .| A A . A o 40, ) A .UD
MENE) )00 0,000 0.031 0.049« 0029« 0050« 0065 0.028 0.017
MixN(3) _
GARCH 0497 0.001 1 0.0011 00017 00011 0.000 1 0.005 1 0.006 1
MN-DCC
GARCH 0.000 1 0.0001  0.0007 0.000 1 0.000 1 0.000 1 0.000 1
Normal cop. . ; . N mn
NOARCTH 07381 00387 07227 0.406 1 0.060 0.056
Normal cop. p
GARCH 0.750  0.140 1 0.016 1 0.069+ 0.061¢
t cop. - 5
NOARCH 07667 0.488 1 0.058 0.054
t cop.

GARCH 0.077 1 0.067« 0.0604

Skewed-t cop.

GARCH 0.066+— 0.058+—

MVG-CCC
GIR
This table displays the p-values of the CPA test of |Giacomini and White| (2006]) for the 5% VaR tick loss.
The table is to be read column-wise. A left (up) error signifies that the row (column) outperforms the column
(row). A gray cell color indicates that we reject the null hypothesis of equal predictive ability on the 5%
significance level. Models starting with "MVG” refer to the COMFORT model class, models including ” cop.”
refer to the factor copula-DCC-(N)GARCH models as specified in section

0.877¢
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Chapter

Conclusion

We assessed the quality of VaR forecasts stemming from different univariate and multivariate mod-
els. We found that the majority of the univariate models produced inadequate VaR estimates that
exhibited too many, albeit independent, violations. The only real exception was the GJR-GARCH
with skewed-t innovations which managed to pass the likelihood ratio test of conditional coverage of
Christoffersen| (1998)) at both VaR levels. Our multivariate models however all displayed adequate
coverage with independently occurring VaR exceedances apart from our multivariate normal DCC-
GARCH benchmark. This coincides with the discoveries that |Santos et al.| (2013) made in their
Monte Carlo experiments. When comparing the VaR forecasts using conditional predictive ability
(CPA) tests by |Giacomini and White| (2006) we found that the the MN-DCC-GARCH model is sig-
nificantly outperformed by every other model. This is not surprising given the apparent multivariate
non-normality of the stock returns and is in line with [Paolella and Polak (2022). Other than that,
most rejections of the null hypothesis of equal predictive ability that occurred in these bivariate CPA
tests involved two univariate or two multivariate models. Lastly, only few significant results were
observed in multivariate vs univariate tests and no general, significant outperformance in terms of

predictive ability could be detected at at any of the two VaR levels we considered.

One interesting revelation we made is that using a higher data frequency (i.e. daily instead of

weekly returns) makes the factor copula-DCC-NGARCH models by [Fortin et al.| (2022)) feasible for
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forecasting the VaR of a portfolio of stocks. This is consistent with [Kole et al. (2017)) who found that
the data frequency is of more importance for aggregated VaR forecasts than the model choice itself.
Moreover, we found that replacing the skewed-t NGARCH marginals used in |Fortin et al. (2022) by
normal GARCH marginals for the factor returns increased the predictive accuracy of the forecasts
and yielded more adequate unconditional coverage. One possible explanation we found was based
on the observation that the OLS residuals of the Carhart four-factor model are highly non-normal.
Thus, the majority of the multivariate non-normality of the stock returns might be captured by the
OLS residuals and not by the factors themselves. Nevertheless, we discovered that a skewed-t copula
with normal GARCH marginals for the factor returns yields better results in the backtests and the
CPA tests than the normal copula and the Student t copula with the same marginals. This is in

accordance with |Christoffersen and Langlois| (2013).

One possible explanation as to why our results do not entirely agree with [Santos et al.| (2013)
is that contrary to this thesis, they did not include univariate models that can capture skewness.
Additionally, the porfolios they analysed consisted of substantially more constituents. Hence, for
further research, it would be interesting to see how the factor copula-DCC-GARCH model class by
Fortin et al.| (2022)) performs in a higher dimensional portfolio setting. Using a much larger portfolio
would also highlight the advantage of the dimensionality reduction inherent in this model class since
the only really time-consuming parts are the fitting of the DCC-GARCH structure (in particular
the univariate GARCH models) and the fitting of the copula. But both of these computationally
expensive tasks only depend on the number of factors and would therefore be unaffected by an
increase in the size of the portfolio. However, one potential drawback of this model specification
is that the Carhart factors are based on the CRSP value-weighted index. Therefore, there may be

some problems when considering a realistic and internationally diversified portfolio.
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Appendix

Proofts

In the following, we will assume that the cdf of the random variable in question is invertible. For a
proof that uses the concept of the generalized inverse of the distribution function we refer to [McNeil

et al. (2015, chap. 7).

A.1 Probability Integral Transform

For the sake of simplicity, we will only consider the case where X is a continuous random variable
with an invertible c¢df Fx(:). Then, the random variable Y := Fx(X) follows a standard uniform

distribution (i.e. Y ~U(0,1)).

Proof. For all y € [0, 1] we have that

Fy(y) = P(Y <y)=P(Fx(X)<y)

This is just the cdf of a standard uniform distribution and hence Y = Fx(X) ~ U(0,1). O
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A.2. QUANTILE TRANSFORM 38

A.2 Quantile Transform

Let U ~U(0,1) and let X for simplicity’s sake once again be a continuous random variables with an
invertible cdf Fx(-). Then, Fi'(U) has the same distribution as X where Fi;'(-) is the inverse of

the cdf Fx(-) which in our framework the same as the quantile function.

Proof. We want to find some invertible function 7" : [0,1] — R such that T'(U) 2 X. Thus, for all

z € R we want

Fy(z) = P(X <z)=P(T(U)<z)

where Fy(+) is the cdf of a standard uniform variable. This is equivalent to saying that T'(z) = Fy'(z)

i.e. our desired transformation function is the quantile function. O

The practical implication of this statement is that we can generate random samples from some
distribution Fx(-) by first sampling from a standard uniform distribution and then applying the

transformation 7'(-) = Fy'(-) to these standard uniform samples.
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Appendix

Copulas

Both the Gaussian and the Student t copula belong to the subclass of implicit copulas meaning
that they are obtained through a known cdf via Sklar’s theorem. Other copula classes are the
explicit copulas and the fundamental copulas. For a more thorough presentation of copulas and their

applications in quantitative risk management we refer to McNeil et al.| (2015} chap. 7).

B.1 Gaussian Copula

Let X ~ N,(0,R) be multivariate normal distributed with a n x n correlation matrix R. The

corresponding Gaussian copula is then defined as

C}C%auSS(,uJ _ q)R(q)_l(Ul), ...,(I’_l(un>) = P(‘I)(Xl) < uq, ..., @(Xn) < up),

where ®(-) denotes the cdf of the standard normal distribution, that is,

T 1 U2
0] = —— | d
(=) /—oo 2 P < 2 > “

and ®R(-) is the joint distribution function of X.
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B.2 Student t Copula

Let X ~ t,(v,0, R) be multivariate Student t distributed with a n x n correlation matrix R and

v > 0 degrees of freedom. The corresponding Student t copula is
Clru) =t,r(t; (w1), ...t (un)) =P (t,(X1) < ur, .oyt (Xn) < ),

where ¢, (-) denotes the cdf of a univariate Student t distribution with v > 0 degrees of freedom, that

is,

V3 v
71,)@ + u2)*%1du,
2

and t, g() is the joint distribution of X.
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Appendix

Distributions

C.1 Finite Normal Mixtures

Let X ~ MixpN(D1,y ooy Phy 11 ooy fiy Ty oon az) be a random variable that follows a normal mixture
distribution with & components, where k is finite. Each of these & components is a Gaussian random

variable on its own i.e. X; ~ N(ui, 0?). Moreover, every X; exhibits a pdf

1 1
2 2 .
(z; i, 07) = ——=(x — py =1,..,k.
fX,L(xa,U’ZJUz) \/%O’i €xXp < 20_3 ('CU IU’Z) >7 ? ) )
The pdf of the random variable X is then given by
k
fX(ZE,M,UZ,p) :szsz(l‘)a ZP’L:L pi € (07 1) \V/’L,
i=1 j

where g = (pt1, ..., i), 02 = (03,...,02) and p = (p1,...,px)’ is the vector of mixing weights. The

corresponding cdf of X is given by
k
Fx(a;p,0%,p)=> piFx,(x), > pi=1, pi€(0,1) Vi
i=1 ‘

where F,(z) = [*__ fx,(u)du is the cdf of the i’th component.
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